CONTINUITY AND SUMMABILITY FOR
DOUBLE FOURIER SERIES*

BY
J. J. GERGEN AND S. B. LITTAUER}

1.1. Introduction. The object in this paper is, first, to consider two ex-
tensions to double series of Riesz’s theorem{ on the equivalence of the Riesz
and Cesdro methods of summation for simple series,§ and, secondly, to con-
sider three extensions to double Fourier series of Hardy and Littlewood’s
theorem,|| as refined by Paley, ¥ Bosanquet,** and Wiener,t1 on the equiva-
lence of continuity in the mean of a function and the summability of its
Fourier series. We consider the question of summability in Part I and that
of continuity and summability in Part II. The results in Part IT are based on
those in Part I.

Part I

2.1. Extensions of Riesz’s Theorem. We consider here a double series

(2.11) i m,n-

m,n=0

The definitions for Cesaro and Rieszian summability of this series are analo-
gous to those for simple series.}} Let —1<a, —1<f. Let m, » be integers,
positive or 0. Let

* Presented to the Society, October 29, 1932; received by the editors May 9, 1934, and, in re-
vised form, January 29, 1935.

1 The first results of this paper were obtained while Dr. Gergen was Peirce instructor at Harvard
University, and Dr. Littauer was National Research Fellow, also at Harvard University.

 For a statement of this theorem, its proof, and references, see Hobson, 8, pp. 90-98.

Numbers in bold face type refer to the bibliography at the end of this paper.

§ One extension of Riesz’s theorem has been given by Merriman, 11, p. 526. Merriman’s theorem
is that, if 0=a, 0=, if each column, Z: _o@m,n, Of the series (2.11) is summable by Cesdro or by
Rieszian means of order «, and if each row,zr_oa,,.,,,, is summable by Cesiro or by Rieszian means of
order B, then the series is summable (C; @, 8) to sum s if, and only if, it is summable (R; «, 8) to sum s.
This theorem, which is plainly contained in Theorem II, is not very satisfactory in treating double
Fourier series. Merriman’s proof like ours is based on Hobson’s proof of Riesz’s theorem, but it takes
a different form from ours.

|| Hardy and Littlewood, 5, p. 70.

q Paley, 14, p. 180 and p. 190.

** Bosanquet, 3, p. 147 and p. 153.

11 Wiener, 18, and 19, p. 78.

11 Cesiro means for double series have been considered by many authors. Among the earlier of
these might be mentioned Moore, 13, and Young, 20. In addition to Merriman’s paper, 11, might be
mentioned Mears’ paper, 10, in connection with Rieszian summability.
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a+ m\ /B+n
Castmy m = Suatmw /4 (* T ™) (TN}

where

Sapﬂ(m7 n) = i(a + " p) i(ﬁ + "o q>ap-Q’

=0 m—p =0 n—4q

(a) _ Te+1)
b) TG+ 1DI@—b+1)
Then the series (2.11) is summable by Cesiro means of order (e, 8), or, more

shortly, is summable (C; e, B) to sum s if Cas(m, n)—s as (m, n)—(o, ).
On the other hand, let

Rap(%,9) = 572y Poap(x, 3) = 25 (x = p)* 22 (¥ — 9)Pap.e-
p<z a<y
Then, the series (2.11) is summable by Rieszian means of order («, 8), or
summable (R; a, 8), to sum s if R s(x, y)—s as (x, y)— (o, «).

Now the natural extension of Riesz’s theorem is that, if 0 <e, 0 <3, then
the series (2.11) is summable (R; «, 8) to sum s if, and only if, it is summable
(C; @, B) to sum s. This result is however in question. In our extensions we
find it essential to introduce additional conditions. In the first we use the idea
of ultimate boundedness, and in the second, that of ordinary boundedness.
We say that the series is bounded [ultimately bounded] (R; , B) if R. s(x, ¥)
is bounded independently of x, y for 0 <x, 0 <y [sufficiently large x, ¥]. Simi-
lar definitions hold for Cesiro summability, the condition 0 <z, 0 <y being
replaced by 0 =m, 0 <n. When first presented for publication this paper con-
tained no reference to ultimate boundedness, and accordingly, it contained
neither Theorem I nor VI. The truth of Theorem I and one of the type of
Theorem VI was conjectured by the referee, Professor Sz4sz, who kindly com-
municated his ideas to the authors. It was his suggestion as to the possible
use of Agnew’s fundamental lemma,* Lemma 4 below, that directed our ef-
forts in the proofs of these theorems.

Our extensions of Riesz’s theorem are as follows:

THEOREM I. Let 0 <, 0 <B. Then (a) the series (2.11) is summable (C; e, B)
to sum s if it is ultimately bounded (C; a, 8) and if it is summable (R; , B) to
sum s. Moreover, (b) the series is summable (R; a, 8) to sum s if it is ultimately
bounded (R; ., B) and is summable (C;c, B) to sum s.

* For this lemma see Agnew, 1, p. 649. For theorems and references to theorems of the same gen-
eral type as Theorem I, see Agnew, 1 and 2.
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THEOREM II. Let 0< o, 0< 8. Then (a) the series (2.11) is bounded (C; a, B)
if, and only if, it is bounded (R; o, B). In addition, (b) if the series is bounded
either (C; o, B) or (R; e, B8), it is summable (C; a, B) to sum s if, and only if,
it is summable (R; a, B) to sum s.

The second part of Theorem II is of course a corollary of the first part
and Theorem I. The proofs of Theorem I and part (a) of Theorem II are
based on the lemmas of §§3.2 to 3.5. The last of these is Agnews’ lemma; the
other three are on simple series and are modeled, to some extent, after some
given by Hobson in his proof of Riesz’s theorem. Hobson’s lemmas in general
are not sufficiently precise for our purposes. Incidentally, we might point out
two results which follow from our lemmas but do not seem to be in the litera-
ture. The first is the analogue of part (a) of Theorem II, and the second is to
the effect that a series of functions ),°_ (%) is uniformly summable on
the interval a <2 <b by Cesiro means of order @, 0= q, if, and only if, it
is uniformly summable there by Rieszian means of order a.

3.1. Lemmas for Theorems I and II. In these lemmas and throughout
the rest of the paper we suppose that «, y are positive numbers, that m, n, p, ¢
are integers, positive or 0, and that M denotes a number independent of those
of the variables #, y, m, n, p, ¢ with which we are concerned at the moment.
The range for these variables is understood to be

0<ux, 0<y, 0=m, 0= n, 0=y, 0=y,

or that part of this range indicated.
In Lemmas 1 to 3 we consider a series

(3.11) > Am.
m=0

Here M is understood to be independent of the values of the A’s. We denote
by % a fixed positive number, by K, the largest integer less than %, and by p,
the largest integer less than x. We write

mfae—+m—
sm = 2( D)o o) = 2 = pea,
p=0 m — p <z
We define (j) as 0 for p=m~+1, m+2, - - - , and set
K41
@ = 0(" T, A=k K,
p<z ?

E(®) = ox) — Tk + 1) (” +: -1 ) T(x) = ou(e) — T(k + 1)Se(w).
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3.2. We consider first E(x). We have

LeMMA 1. If k is an integer then E(x) is bounded for all x and vanishes for
k<x.If kis not an integer then

| E(x)| £ M(x + 1)
For K+1 <x we have*

| o(x) — k(k — 1) - - - (k — K)2*1|

z bt YK a-1 A1
=M du, dug - - - (g1 — x  )dugir
z—1 u;—1 ug—1

—

SM|(x— K — 1)1 — 1,
If % is an integer this is 0, and the lemma follows in this case. If £ is not an
integer it is O(x*~?) as x— . Accordingly, sincet

k(k — 1)---(k—K)u—l—r(k+1)(”+2—1)=0(xx—2),

Pl — M= O(22)

as x—, the lemma follows in this case also.
3.3. We turn now to

LEMMA 2. We have
|ck(x)l =< Mn<1ax ISk(m)[ .

In addition, corresponding to each positive integer mo, we can wrile

ox(x) =:<Z, By(x)4, + H(x)

for mo <x, where the B’s are independent of the A’s,
(3.31) | Bo(x) | S M for p<me<u,
and

| H(x)| £ My max |Si(m)]|

mo=m<zx

Jor mo<x, M, being independent of mo as well as x and the A’s.
We have}
* Compare Hobson, 8, p. 90.

t For the former see Hobson, 8, p. 91.
} See Hobson, 8, (4), p. 71.
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ay= Z =0T se.

Hence

P K41
@) = T =5 o) T Vo = T ete - 05:@.

<=z q=0 q<z

On the other hand,*

- A—1
Sew) = X (" ¢t )Sx(q).
¢<z - q
Thus,
(3.32) T(x) = X E(x — ¢)Sk(g).
Now, N
Se(@) = 3 (— 1>«+m( )Sk(m).
m=0 g — m
Hence,
g A
(3.33) T(x) = LEE—3 (—1>«+m( )sk<m>
g<z mam0 qg — m
= ), D(x — m)Si(m),
where mE

D(x) Zi(_ 1)"E(x — n)(Z)

Consider D(x). If & is not an integer, then, since}
( A ) 1 1
n

| (- )‘)l pes]
as n— oo, we have, by Lemma 1,

|D(x)|§M{ >+ X }(x+1—n)7\—2(n+1)—x—1

n< z/2 z/2Sn< x

< M{(x+ 12+ (2 + 1)1
Hence,

Gapy Z|PE=MISM 2 {@—mt Dt @ =m0

=M.

* See Hobson, 8, (5), p. 72.
t See Hobson, 8, (6), p. 72.
1 See Hobson, 8, pp. 71-72.
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On the other hand, if % is an integer then D is bounded for all x and vanishes
for k41 <x. It follows that (3.34) is valid in this case also. We choose M,
so that, for all x,

T(k+ 1)+ X | D(x —m)| < M,.

m<z

Allowing for the moment m, to have one of the values 0, 1, - - - , we set,
for mo<x,

H(x) = T(k + 1)Si(w) + 22 D(z — m)Sk(m).
Then, for 0 =m, <%,
|H(x)| < Mo max |Si(m)|.
meSm<z

Taking mo=0, H reduces to o, and the first part of the lemma follows. In

addition, for 0 <m, <x, we have
m k _|_ m —

w®) = B = TG —m 3 ?) o= T B,
m<m, p=0 —p p<m,

where

k+m— p)
m— p '

By(x) = mf:D(x —m) (

Since these B’s are independent of the 4’s and satisfy (3.31) the second part
likewise follows.
3.4. We proceed to the proof of

LEMMA 3. We have
| Si(m)| < M max |ow(x)].
xSm+1

In addition, corresponding to each positive integer mo, we can write

Si(m) = D Cp(m)Ap + I(m)

p<me
for mo<m, where the C’s are independent of the A’s,
(3.41) | Co(m)| = M for p < mog < m,
(3.42) | I(m)| = My max |ow(x)| formo=m,
mesSzSm+1 :

M, being independent of mo as well as m and the A’s.
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In this lemma we set oo(x) =) _,5.8,. We note then that*

K
Sx(g) = 22 Ma(q).
=0
Hence, by (3.32),

m K
Se(m) = Mow(im + 1) + 2 E(m + 1 — ) 3 Mar(q)
g=0 re=(

K m
= Moxm + 1) + 2 M3 E(m + 1 — g)a.(q).

re=0 a=0

Accordingly, it is enough to prove the lemma with Si(m) replaced by
Te(m) = Z E(m + 1 — q)o(q),
q=0

wherer=0,1, - - - or K.
We set

W(x) = f " (v = ox(t)dt,

integrate by parts K times, and take x=¢+1/(K+1), ¢+2/(K+1), - - -,
g+1, successively. We get, for p=1,2, - - . | K41,

K

{(B+ 1)/pPWig+ p/(K + 1)} = 3 anpror-s(g),

ne=0

an(E+ 1)\ -+ A+ n)-(K — n)! = K.

Noting that for 1 <K the determinant of the ¢’s in these equations is a non-
zero multiple of the Vandermonde formed with the numbers 1,2, - - - | K41,
we see that o,(g) can be expressed in the form

K+1

orlg) = ZI MW{q+ i/(K + 1)}.
We thus have

K+1 m
T.m) =2 MY Em+1—QW{g+ i/(K+1)}.

te=1

Hence, it is enough to prove the lemma with Si(m) replaced by

Um) = 35 E(m +1— QW(g +8),
- n==(

* Compare Hobson, 8, p. 91.
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where £ is a fixed number satisfying 0 <£(<1.
We have*

W(x) = Mow(z) + M f "ol (WG, ),

where ¥ remains positive and never increases as v increases from 0 to x, and
¥(0,2) = M.

Allowing m, to have one of the values 0, 1, - - - | and denoting by M, a
number independent of m, m, and the A’s, we can then write

Ui= S Em+1- W+ =MD Em+1—0) [ ol 0Woa+ D

q=m, q=m,

+ 3 Em+1— g){ Mora(g + &) + Mo f "ol (W(o, g + Ddv)

q=m,

= U; + Us,

say. Now, applying the second mean-value theorem, we have

| Us| = My max +l|ak(x)|-Z|E(m+1—q)|

mtrSx=m g=m g

S M, max |ax(®)].
motiScSm+1

From this inequality the first part of the lemma follows on taking mo=0.
In addition we can obtain the second part.
We have, for 0 <m,=m,

U—Us=2 Em+1—gQW(g+§& + Us=Us+ Us,

a<m,

say. Now

gt
U= Em+1—yg) (g + & — O lox(t)dt

g<m, q
g+t
=24, 2 Em+1—9 (g + & — )\t — p)Fat,
p<my, PpSqg<m, q

and it is plain that the coefficient of 4, here satisfies (3.41). On the other
hand,

U= MY Em+1—) [ ¥ q+0Y (w— p)+4,du

gm=m g 0 p<u
* See Hobson, 8, pp. 94-95.
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S MUY A, Emt1—g [ = ) g+ Diu,

p<m, g=m, Y4
and we have, for p=0,1, - - -, m¢—1,

i E(m + 1 — gq) f mo(u — 9 W(u, ¢ + £)du

q=m,

éMi|E(m+1—q)¢(mo,q+£)| <M.

g=m,
The lemma follows.
3.5. We consider finally

LEMMA 4. Let mq be a positive integer. Let g,(x), G»(v), p=0,1, - - -+ ,mo—1,
be defined for sufficiently large values of their arguments. For each p let

g2(%) = o(1)

as x— o ; and for sufficiently large x, y let

> g,,(x)G,,@l < F(x),

p<m,

where F is independent of y. Then
(3.51) 20 8()Gx(3) = 0o(1) as (%, ) = (, ®).

p<m,

This lemma with «x, y replaced by integral variables is the lemma of
Agnew previously cited. It is plain that the lemma is likewise valid when
x or y is replaced by an integral variable. We shall have occasion to use it in
various forms.

The lemma in the general case is an immediate corollary of Agnew’s re-
sult. For suppose that (3.51) is false. Then there exist a positive e and two
sequences of numbers {xm}, {y.}, m, n=1, 2, - - -, such that x,— as
m—o, y,—o© as n—o, and

Z 8o(%m)Gp(ym) | 2 €.

p<m,
But, by Agnew’s result,
Z g(%m)Gp(ya) = 0(1)

p<m,
as (m, n)—(, »). This gives us the contradiction.
4.1. Proof of Theorem I. As the proofs of (a) and (b) are similar in char-
acter we shall confine ourselves to the proof of (a). In addition, we shall as-
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sume that 0 <a, 0<f. When a=8=0 there is nothing to prove, and when
one and not the other is 0 the proof requires similar steps to the following,
but fewer of them.

To begin with we note that we can suppose that s=0. In fact, for either
type of summability, the series (2.11) is summable to sum s [ultimately
bounded] if, and only if, the series

0
Z bm,n, bo,o = @00 — S, bmpn = Qmn for 0 < m?+4 n?
m,n=0

is summable to sum O [ultimately bounded] by means of the same order.
The theorem for s 0 is then a consequence of the theorem for s =0.
We now set i

m + m —

Pom ) = 2T ) S - e
=0 m—p n<y

and proceed to show that

(4.11) P(m, y) = o(m*y’) as (m, y) > (o, o).

Let 0 <ebe arbitrarily small. Then, denoting by M, the constant of (3.42),
we select an M and a positive integer m, so that

| Sas(m, n) | < Mmen?, Mo 0ap(x, 3)| < eansp,

the former for m, <m, mo=<n, and the latter for mo<x, mo=7y.
Next we apply Lemma 3. We can write, for mo, <m,

P(m, 3) = 2.Com) 22 (y — mPayn + I(m, y)

p<m, n<y
= Ii(m, y) + I,
say, where C,(m) is bounded for p <mo<m, and
(4.12) | I| = My max | oas(x, y)| < e(m + 1)2y8
moSxSm+1

for me=m, mo=y.
Consider I;. By Lemma 2, we have, for m,<y,

P, = ZEOE( ") anat Hom ),

q<m, p=0
where B,(y) is bounded for ¢ <m, <7y, and

| H| £ M max |S.s(m, n)| < Mmeys
meSn<y
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for mo<m, mo<y. We conclude that, for mo=m, m,<y,
a+m—p
750
a+m—p
( m— p )
say, where F depends upon 7 but not upon y. On the other hand,
m—2C ,(m) = o(1)

Zl Gp,q|

g<m,

2| ap.o| = F(m)ys,

g<m,

PARIPIRIPIEIP: A S DY
=0

m

< Mm+ 1)y + M 3
p=0

asm—oo for p=0,1, - - -, mo—1. Accordingly, Lemma 4 is applicable, and
it follows that
(4.13) m=y~fIi(m, y) = o(1) as (m, y) > (o, ).

From (4.13), (4.11) now follows. By (4.12) and (4.13) , we have
lim sup | m=ey#P(m, 3)| < ¢,
(m, y) (o0, o)

and since € was arbitrary, this implies (4.11).

It remains to show that (4.11) with our hypotheses implies
(4.14) Sap(m, n) = o(m*nf) as (m, n) — (o, ).
Letting e and M, have the same significance as above, we select an M and a
positive integer m, so that

| Saslm, )| < Mmen?, Mo| P(m, 3)| = em=y?,

the former for mq <m, mo <n and the latter for mo<m, m;<y. Then we apply
Lemma 3 again. We have, for mo<n,

Sagm,m) = X CL (n) i(“ e

a<mo =0

= Il’(m’ n) + I”

)ap.q + I'(m, n)

m—p

say, where C{ (n) is bounded for ¢ <m,=<n, and

|I'l < M, max lP(m, y)[ < em*(n + 1)#
moSysSn+1

for mo<m, m¢<n. Now,
| 1{ | < | Sas| + |I'| = Mme(n + 1)8
for mo<m, mo<n. Hence, by Lemma 4, since
nfCJ(n) = o(1)
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as n—oo, for ¢=0,1, - - -, my—1, we have
nen~I{ (m, n) = o(1)
as (m, n)— (o, ©). We conclude that
lim sup I mn PSS, s(m. n)| < e,
(m, n) (w0, o)
and accordingly, that (4.14) holds.
4.2. Proof of Theorem II. We have only to prove (a). We first observe

that
E(x—?)a2<ﬁ+n—q)ap.q .

(4.21) | Sas(m, n)| < M max
<z ¢=0 n—9q

- x=m-+1

This is a consequence of Lemma 2 if 0 <« and is trivial otherwise. We next
observe that, similarly,

-2 o
p<z q=0 n—q
Hence, by (4.21), if the series (2.11) is bounded (R; e, 8), we have
| Sasm, n)| < Mm + 1)2(n + 1)8
from which it follows that it is bounded (C; «, §8).
In the same way, if the series is bounded (C; @, ), we have
| oas(x, 9) | < Mz + Do(y + 1)P.
It follows that R.s(x, y) is bounded for 1 <#, 1 <y. But we have, for x<1,
Rap(%, 3) = Rap(l, 5).
Hence, as a similar identity holds for y <1, we conclude the truth of (a).

Part II

5.1. Extension of Hardy and Littlewood’s Theorem. We consider here a
function f (%, ») which is integrable*® over the square (0, 0; 7, 7) and is even
and periodic with period 27 in each variable. We restrict our attention to the
behavior of f and the Fourier series of f,

L)

F(#,9) ~ 3" @m,n cos mu cos nv,

m,n=0

< M max | oa8(x, ) |
ySnti

at the origin. This restriction and that as to f being even-even do not of
course limit the generality of our results. The series with whose summability
we are concerned is then the series (2.11) where now

* All our integrals are understood to be taken in the sense of Lebesgue.
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Amn = )\m)\,,f cos muduf cos nv f(u, v)dv
0 0
[)\o= 1/1I', >\1=A2= ce s = 2/1r].

To extend the Hardy and Littlewood theorem we need a definition of frac-
tional integration and continuity in the mean for functions of two variables.
These are direct generalizations of those for functions of a single variable.
Let ¢ (%, v) be defined for almost all («, v) in the quarter-plane 7': (0 <%, 0 <9v).
Let 0<a, 0 <b. Then we define ¢a,5(x, ¥), da,0, Po,» as

(z,9)

L@ O)as(z 3) = [ (v — w1y = o9, 0w, 3,

(0,0)

L@, ) = [ (5 = 0p(a, 3)d,

D@l ) = [ (0= 9a(, 0ds

provided the corresponding integral exists, and as  otherwise. We define
bo,0(x,y) as

bo.0(%, y) = ¢(x, ¥)

where ¢ is defined, and as « otherwise. We call ¢q,5(x, v), where 0<a, 0<b,
the fractional integral of order (g, b) of ¢ at (x, y). We say that ¢ is continu-
ous (C; a, ) at the origin, or, more briefly, continuous (C; @, b), with limit s,
if T(a+1)T(d+1)xy 24, 5(x, y)—s as (x, y)—(+0, +0). In addition we
say that ¢ is almost continuous (C; @, b) with limit s if T'(a4+1)T(b+1)x—y—?>
-¢a,5(x, ¥) coincides, except possibly on a set of measure 0, with a function
®(x, y) which tends to s when (x, y)—(+0, +0).
In regard to these integrals we prove in §6.1 the following theorem:*

THEOREM III. Suppose that 0<a, 0<b and that ¢(u, v) is integrable over
every rectangle (0, 0; x,y). Then (a) ¢a,s(u, v) is integrable over every such rec-
tangle. In addition, (b) if a<a, b<B and if ¢as(x,y) is finite, then pa s(x, )
is equal to the fractional integral of order (a—a, 3—D0) of ¢a, at (x,y).

Our principal extension of the Hardy and Littlewood theorem involves
the idea of boundedness in much the same way as Theorem II. We say that
fisbounded [almost bounded] (C; g, b) in a domain D if x—*y~?f, ; is bounded
[almost bounded] in D. The extension is then as follows:

* For a theorem of this type on fractional integrals of functions of a single variable, see Tonelli,
17, p. 185.
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THEOREM IV. (a) Let
(5.11) 0<a<a, O0=b<B.

Then, if for some positive 8, f is almost bounded (C; a, b) in the infinite rec-
tangles (0, 0; o, 8), (0, 0; 8, ), it follows that the series (2.11) is bounded
(C; a, B). If, in addition, f is almost continuous (C; a, b) with limit s, then the
series is summable (C; a, B) to sum s. (b) On the other hand, suppose that

(5.12) 0=a<a-—-1, 0=8<b—1.

Then, if the series (2.11) is bounded (C; e, B), it follows that f is bounded (C; a, b)
in the quarter-plane T. If, in addition, the series is summable (C; o, B) to sum s,
then f is continuous (C; a, b) with limit s *

The proof of this theorem is given in §§7.1 to 10.1. We were much in-
fluenced in our procedure by the work of Bosanquet and Paley previously
cited.f We do not however follow one or the other of these authors com-
pletely. The proof of part (b) especially seems to involve new difficulties.
In using this method of proof it is natural that we obtain relations between
the order of summability and continuity analogous to those of Bosanquet
and Paley.

Part (a) of the theorem is not entirely satisfactory. Conditions depending
explicitly on f in the fundamental square (0, 0; 7, v) would be more desirable.
Conditions of this type are given in the following theorem. It might be noted
in particular that, when ¢ <1, <1, the boundedness condition reduces sim-
ply to f being almost bounded (C; @, b) on (0, 0; 7, §) and (0, 0; 8, 7). Part (b)
we add for the sake of completeness.

* This theorem contains as a particular case a result given independently by Moore, 13, p. 96,
and Young, 20, p. 181, namely, that the series (2.11) is summable (C; 1,1) to sum s if the conditions
in (a) hold for a=b=0.

Another summability criterion which might be mentioned is one due to Tonelli, 16, p. 490.
Tonelli shows that the series (2.11) is summable (C; 1, 1) if

[Tau [ 1600 = sl do = o3 a5 @)= (+0,+0)
0 0

and if the integrals [o'| f(x, v)|dv, | fof(x, y)| du are almost bounded on (0, ). This result does not
seem to be contained in Theorem III. It seems likely that an extension of Tonelli’s theorem, similar
to the extension of Lebesgue’s theorem by Hardy for simple series, can be obtained by means of the
formula in Lemma 9. For references to Hardy’s theorem and to Lebesgue’s theorem and to similar
theorems, see Kogbetliantz, 9, p. 64.

The problem of extending Hardy and Littlewood’s theorem to double series was first considered
by Merriman, 12,

1 While this paper was being prepared for publication a second paper on summability was pub-
lished by Bosanquet. This paper, 4, contains a proof of the essential Lemma 9 below. In his first
treatment of the problem Bosanquet used a somewhat different method.
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THEOREM V. (a) Part (a) of Theorem IV holds if we replace the rectangles
0, 0; =, 8), (0,0; 8, ©) by (0,0; =, 5), (0,0; 5, ) and assume in addition
that =% m,o(m,y) [%~fs,m(x, 7)) is almost bounded on (0, 8) for each positive odd
integer m less than a [b). (b) On the other hand, if (5.12) holds and if the series
(2.11) is bounded (C; e, B) it follows that y=f m,s(m, y) [£~%fs,m(x, )] is bounded
for all y [x] for each positive odd integer m less than a [b).

This proof is found in §§11.1 to 12.2. In §13.1 we obtain with the help of
the previous Lemma 4 and the lemma of §9.5 a third extension of the Hardy
and Littlewood theorem. This result is of the same type as that of Theorem I.
Whether a corresponding result holds when the roles of summability and con-
tinuity are interchanged we are unable to say.

TrEOREM V1. Suppose that
0=sa<e—2, 0=8<b-2,
and that the series (2.11) is summable either (C; o, B) or (R; a, B) to sum s.

Suppose also that, for a positive 5, f is bounded (C; a, b) in the square (+0, +0;
8, 8). Then f is continuous (C; a, b) with limit s.

6.1. Proof of Theorem III. Part (a) is trivial for a=56=0, part (b), for
a=a, b=f. We shall assume in (a) that 0<a, 0<b, and in (b), that 0 <e <«,
0<b<p. The other cases can be handled by similar arguments.

Let (x, ) be fixed. Then the function (x —£)* (y —1) > ¢(£, ) is integrable
over 0=¢(=x, 0=9=y. Moreover,

(x— o =a L = peidu,  (y—n)b=b ﬁ (0 — n)-ido.

Hence, by Fubini’s theorem,* it is plain that the integral

exists. Thus, since the integrand here is measurable over the domain
V:(0stsusx,0=<9=<v=y), the integral

fv (= B30 — )16, Md(E, m, , v)

exists by a theorem due to Hobson.} Accordingly, the integral

(z,y) (u,v)
f A [ = Do — e mdE, 1)
(

0,0) (0,0)

* See, for example, Hobson, 7, p. 630.
t See Hobson, 7, p. 631.
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exists. We conclude that (a) holds.
The proof of (b) is similar. We have, assuming ¢. s(x, ¥) finite,

E¢a.ﬁ(x, y)
=j;dgﬁ<hj;waf(x—uV”*@-WV*ﬂW-QPﬂ@—nﬁ”ﬂ&wﬁ,

where E = T'(a — a)T'(8 — b)T'(a)T'(d). Now, noting that ¥, s(x, v), where
¢=|¢|, is likewise finite, we see that we can integrate first with respect
to (£, 7). We thus get

E¢a.ﬁ(x1 }’)
(z,y) (u,v)
= f (x — w)="1(y — v)f~*"'d(u, v) (u — £)*'(v — n)*'pd (¢, ),
(0,0) (0,0)

and this completes the proof.
7.1. Lemma on Young’s functions. We divide the proof of Theorem IV
into several parts, considering first a lemma in connection with the function

va(w) = 7:0)(“) = (1/p)1 - u2/{(q + 1)+ 2)}
+u/{a+ Do+ D0+ I +H) - )

and its derivatives v,, v, - - - . For 0 <z, we have

(7.11) vo(#) = T(n)u="C,(u),

where

(7.12) Cy(u) = (l/l‘(n))j;u(u — §)TIC(2)de [Co(n) = cos u]

is Young’s function.*

LEMMA 5. Let 0 <7 and let m <n+1. Then v{™ (u) is continuous for all u,

and
(7.13) 'y,(,m)(u) =0(u '+ u_m—z) as u— o,

The conclusions of this lemma are familiar.{ First, it is plain that ,(™
is continuous for all #. Next, Young} has proved that, if 0 <£, then

* Young, 21.
t Hardy and Littlewood, 6, p. 217, state without proof that, as 4— 0,

Yipn(u) = Aw "7 sin (u — wn/2) + Bu~? + O(u~*"") + O(u™?),

where 4 and B are constants, and that asymptotic formulas for the derivatives of vy are given by
the formal derivatives of this expression. Using the method employed above, Young, 21, Hobson, 8,
p. 566, and Pollard, 15, p. 212, obtain (7.13) for various cases. None of these authors treat the

case n<m<n+1 however.
t Young, 21, or see Hobson, 8, p. 565.
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(7.14) Ce(u) =01 + ut?) as u— o,

Using this result, (7.11), and the fact that

(7.15) DuCs = Cen

for0<u,and 1 <¢, we see that (7.13) holdsif m <9.
Suppose then that n <m <n+1; we have, by (7.11), (7.14) and (7.15),

7" @ =0 + 4" + 4| DiCraml)

as u— o . But, replacing ¢ by »—¢in (7.15), we get

13 %

tmmcostdt + sinuf tmsin tdt.
0

T(n+ 1 — m)Cyy1-m(u) = cos “f

0

Hence,

DCpiim = o{urm + +

f tmmcostdt f t"‘"‘sintdt|} = 0(1).
0 0

We conclude that (7.13) holds in this case. This completes the proof.

7.2. Lemmas for part (a) of Theorem IV. In these lemmas and in the
proof of part (a) we suppose that g, o, b, 8 satisfy (5.11). We denote by % the
integral part of a. Then it is readily seen, on applying Lemma 5, that

[v&HP () (6 —1) #—e| is integrable in ¢ over (1, «) for 0 <u. We set

Hu)=u""" f Yarn ()¢ — 1) dr.
1

Similarly, we write & for the integral part of b, and set

K@) = f Yoy — 1) dt.
1

We put
Vo= 2(— D)1/ {al(h+ 1 — a)},¥s = 2(— 1D)¥1/{aT(k+ 1 — b)},¥ = Yups.
We consider first H(«). We have

LeMMA 6. The function H(u) is bounded and measurable over 0 <u. More-
over,* as u— oo,

H(u) = O(u—1 4+ u"2).

* Bosanquet, 4, p. 19, obtains an asymptotic formula for H by means of Cauchy’s theorem.
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Since, for each %, H is the limit as n— of the sequence of continuous

functions
A1 » A1 h—
{u+ ° f w30 u) (¢ — 1) "dt},
14+1/n

we have immediately that H is measurable over 0 <u.
Now, forO<u,

1+1/u ®
u"“‘“{ f + }vi’iﬁ"(tu)(t - 1" a
1

1+1/u

2| =

- ht1) k)
< (h+ 1= o) max [yt ()] + 2 max | e ()|
ust uSt

It follows that H is bounded for 0 <#, and that, as u—e,
H = O(u—= 4 w3 4 yo—1 4 y~h-2)
= O(u—o1 4 y~2),

This proves the lemma.
7.3. We have next

LEMMA 7. Let ¢(u) be integrable over (0, ), even, and periodic with period
2w. For 0= let ¢,(u) be the fractional integral of order n of ¢. Then, if 0<3,
we have

(7.31) Q Ef | H(xu)pa(n) | du < M(x—1+ x—"‘z)f | | du for 1 < =,
L 0
where M is independent of ¢ as well as x. In addition,
(7.32) f | H(au)pa() | du < N f | 6| du,
0 0

where N is independent of ¢.

The proofs of (7.31) and (7.32) are much the same. We consider that of
the former. We denote by M a number independent of #, ¢, x and ¢ for 0 <,
0<t, 1=,

Now, if 1 <a, then

|¢,,(u)|§Mf (u — t)*1| ¢| dt < M(u + 1)S, where S=f|¢|du.
0 0

Hence, if a=0orif 1 <g,
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Q = MS (x—a—lzma—a—l + x—h—zz ma-h—z) < MS(x—ot + x+2)

M=l m=1

as a consequence of Lemma 6. Thus, (7.31) holds in this case.
Suppose then that 0 <e<1. We have

Q= Mj; |H|duj;u(u—t)"“|¢|dt

8 © © ©
= [ola [ 1l oaut s [ ol a [ 7] @= pau.
0 3 P ¢

But
f I Hl (w — 8)*"Ydu < Mx‘a—lf u=oYu — t)o-'du
¢ t
+ M f w2 u — t)*"'du
t
< My—olpo—a—l |4 M x—h—24o—h—2,
Hence,

3 -]
Q= Mx‘““l{f |¢|dt+f |¢|t“‘°“1dt}
0 8

) ©
+Mx—'~—2{f ]¢|dt+f || t«—h—zdt}.
0 é

The lemma follows.
7.4. We have thirdly

LEMMA 8. Let the hypotheses of Lemma T hold; and let the series (3.11) be
the Fourier series of ¢ at the origin, so that

Ap = )\,,.f'¢(u) cos mu du.
0
Then .
Paxatatl f H(xu)po(w)du = aq.(x).
0

This lemma is contained in one of Bosanquet’s theorems, 4, p. 22. The
proof is analogous to that of Lemma 11 below. In this case the starting point
is the well known formula

L]

2geh f Yerr(zu)p(W)du = ro(s),
0

and integration by parts is carried out (4+1) times.
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7.5. We have finally

LEMMA 9. Under the hypotheses that f is even-even, periodic with period 2w in
eachvariable, and integrable over (0, 0; , ), the function | H (xu) K (y0)fa,5(%, v) |
is integrable over T and

gastiyph f H(x)K(y)fa.s(, )dT = Rop(s, 3).

Applying Lemmas 7 and 8, with ¢(») =f(u, v), we have, for almost all
von (0, 7), '

(7.51) fo | Hfuo| du < Nfo'lf|du,

where N is independent of v, and

(7.52) ¢ax°‘+"+1f Hfoodu = ) (x — p)“)\,.f’f cos pu du.
L] 0

p<z

From (7.51), the measurability of Hf, ¢over (0,0; «, 7), and the integrability
of f we deduce the existence of the integral*

Io=f|H|duf | faro| do.
0 0

In addition, we see that the integrals
I¢=f|HId“f|fa,ocosqv|dv (q=1,2,...)
0 0

exist.

Now let E be the set of values % on (0, ) such that f, 5 is integrable in
v over every finite interval (0, | z|). Then, applying Theorem III, the comple-
ment of E relative to (0, «) is of measure 0, and, for % on E,

¢(v) = fﬂ,o(u: I 1)] )
satisfies the conditions of Lemma 7 and

é5(v) = fa,0(%, v)

for almost all » on (0, ). Hence, for % on E,

fle,,,bldvéNf | fono| dv,
0 0

* See, for example, Hobson, 8, p. 346.
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where N is independent of %, and

,/,byﬂ+b+1f Kfasdv = > (y — q)ﬂ)\qf Ja,0 cos gv dv.
0 q<y 0

From the existence of I, we then conclude that | HKY, ;| is integrable over
T, and from (7.52) and the existence of I, I, - - - , that

://x“+1yb+1fHKfa.de = ¢x“+‘y"+‘f Hduf Kfandv
T 0 °

= Yartly? 3 (y — )P, f cos gv dv f Hfa,odu
0 0

a<y
Rep(x, v).

8.1. Proof of part (a) of Theorem IV. We note that in the proof of the
second part we can assume that s =0. For, on the one hand, f—s satisfies the
conditions imposed upon f with s replaced by 0; and, on the other hand, the
series (2.11) is summable (C; e, B) to sum s if the Fourier series of f—s at
the origin is summable (C; «, 8) to sum 0.

Suppose then that, corresponding to some e, there is a positive d and an
M such that

(8.11) | fas(u, 0) | < ewss®, | fars(u, v) | < Mus®,

the former for almost all («, v) in (0, 0; d, d), and the latter for almost all
(%, ) in (0, 0; 0, d) and in (0, 0; d, «). Writing

(d,d) (®,d) (d,%) (%,%0)
fH(xu)K(yv)fa,de = [f + + + ]HKfa,bd(u, )
T (

0,0) (d.0) (0,d) (d,d)
=F1+F: + Fs + Fy4,

say, we have
|Fi| = ex‘“‘ly""lf | Hw) | u"duf | K(v) | v*dv £ Ma—o—ty=b-1
0 0
as a consequence of Lemma 6,

|F2| = My‘"‘lj’w{(acu)“"‘—l + (xu)""“z}u“dufwl K(‘v)l 2%y
d 0

< M(z—ot 4 g2 yb1
IFal < Mx—oi(y—b1 4 y—k-2),

and, by Lemma 7, for 1<%, 1<y,
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o S M(y? k=2 H d ’ a0 @
[Pl = o+ 570 [ 1 8G0| [ ol an

S MGt + a9 (ot + yo).
We conclude that
| Rag(x, 9) | € M1 + a9 + as+1)(1 + 358 4 y>—4-1)

for 1=x, 1<y, and that

lim sup | Rap(x, )| < ef | H(u) | u“duf | K(v) | vdo.
(x, y)—(w ) 0 0

The proof now follows. If f is almost bounded (C; @, b) in (0, 0; «, §)
and in (0, 0; 8, «), then (8.11) holds for some ¢, and the first part of (a)
follows from the former of these inequalities. If, in addition, f is almost con-
tinuous (C; @, b) with limit 0, then (8.11) holds for each arbitrarily small e,
and the second part follows from the latter.

9.1. Lemmas for part (b) of Theorem IV and Theorem VI. In these
lemmas we suppose that a, a, 8, b satisfy (5.12). We denote by % the integral
part of «, and by % the integral part of 8. We set

Yo = (— D*/{T(a+ NI(k + 1 — &)T(a)},
¥s = (— D¥/{T(B + DI(k + 1 — BT(b)}, ¥ = Vals,

«© ©0

H(u : uh+l—af 'ya("“)(tu)(t-—1)"—“dt,K(v)= .,,k+1—ﬁf 'yb("+2)(tv)(t—1)’°"dt.
1 1

The functions H, K exist for all positive values of their arguments.
9.2. In regard to H(u) we have

LeMMA 10. The function H(u) is bounded and measurable for 0 <u. More-
over, as 4—o,

H(u) = O(u— + u=3),

The proof here is practically the same as that of Lemma 6 and can be
omitted.
9.3. We have next

LeMMA 11.* Suppose that ¢(u), ¢,(u), 0 =1, are the functions of Lemma 7.
Suppose that the series (3.11) is the Fourier series of ¢ at the origin, and that,
for some & satisfying 0<d6<a—1, §<h+2,

* The proof of this lemma is closely analogous to a proof given by Bosanquet, 3, pp. 157-161,
concerning, not the summability of a series, but the summability of an integral. In treating the series

in (9.33) Bosanquet uses partial summation throughout rather than partial integration and partial
summation.
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(9.31) oo(u) =0W®) as u— o,
Then the function | H(xu)o.(u)| is integrable over (0, ) and

(9.32) Yaastatt f wH(xu)a.(u)du = ¢a(%).
0

It is plain that | Ho,| is integrable over (0, «). Consider then (9.32). We
have*

(9.33) 22 Apya(mz) = T'(a)da(x).

m=0

Now, for 0<¢,

j;‘a,,.(u)du = gnpi(t)/(m + 1).

Hence, denoting by z a positive integer, using Abel’s formula, and integrating
by parts (k+1) times, we have '

z h+1
3 Ava(ms) = {7.,<xz>ao(z 1)+ 3 (= #)mya™ (25)om(3)/T(m + 1)}
M m-l

+ [(— =)/T(k + 2)] f o (at)men($)dE
0
=I5+ 1 B

say. But, since | 4| <M, we have, as 3o,

om(2) = O{ > (z— n)"'} = O(z™*1).

n<z

Moreover, since

t

9.38) o =(r+1) ( h) f @t — u)2gq.(u)du for 0 < ¢,
we have, by (9.31),
o =0 : — h~—a, 8d =0 h+d+1—a .
w4+1(2) { j; (z — u)i—ou u} (= )
Thus,
I, = O{ zh: (Z—a + z—mz)zm+l + (z—a + z—h—a)zh+8+l—a} = 0(1).

M=

* See, for example, Paley, 14, p. 190.
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It is sufficient then to show that
(9.35) I = D(a)ar=tt fo " H(aw)oadu + o(1) as z— co.

Making the substitution (9.34) in I,

z t
I, = T(a)yoait? f vPD) (xt)dt f & — w)io.(u)du
0 0

z/u

oo(u)uti—edy f VD (xut) (¢ — 1)h—edt
1

= T(a)Yqs"t? f

0
= I"(a),paxaﬂ{ j;‘ H(xu)o o (u)du — f‘Hl(x, u, z)a,(u)du} R
N 0

say, where

L

Hy = (asu)++i—e f oD (zut) (¢ — 1)Peds.

2/u
Now, for 0<u <3z,
'Hxl =< 247 %(z — )" *max | Y AHD(8) I
%3518
Hence,
f Hio.du = 0{(z‘“ + z7438) f (z — u)"‘“u‘du} = o(1).
0 0
We conclude that (9.35) and, accordingly, that (9.32) holds.

9.4. We have thirdly
LEMMA 12. Let the series (2.11) be bounded (C; e, B). Then, for any n,

$(u, n) = E (4 — m)*amn = O(u®)
asu—oo, *

We note first that, as u— o,

= O{max

\m=su

(5 el
ZU s )l

If 0 <a, this follows from Lemma 2. If « =0, it is trivial. Now,*

(e Norn = 3 (- 1)«(’3: l)sam, "=,

=0 m—p a=0

* See Hobson, 8, p. 71, (4).
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where we have set

1
('3+ )=0ifﬁ+1—q= —1, =2, .
q
Thus, making use of our hypothesis,
m — n 1
Z <Ol +m P) Opm < M(m + 1)“(n + l)ﬁz (B + )’ = O(ma)
=0 m—p a=0 q

as m— oo, The lemma follows.
9.5. We have finally

LEMMA 13. If either (a) the series (2.11) is bounded (C; e, B), or (b) a+2<a,
B+2<b, then | H(xu) K (yv)oa.s| is integrable over T, and

(9.51) nﬁx""‘““y”ﬂ“fH(xu)K(yv)o-a,ﬂ(u, 0)dT = fo,(%, ¥).
T

We note first that | HKo. 4| is integrable over T in either case. If (a)
holds this follows from Theorem IT and Lemma 10; and if (b) holds it follows
on observing that, in general,

| ca(®, 3) | < Ma=tiysts,
Consider then (9.51). In either case, since 1 <a, the function
&(v) = fao(x, | 2])

is integrable in v over (0, 7). Moreover, ® is even and periodic with period 2.
Its Fourier series at the origin is

had T

> F. ™ (x), where F™(u) = \, f cos nv f(u, v)dv.

n=0 0

Now, for a fixed #, F(™ is integrable over (0, 7), even, and periodic with
period 2. Its Fourier series at the origin is

> Gmon.
m=0
But, if (a) holds, then
$(u, n) = Z (v — m)*am,n = O(u®)

m<u

as u—oo. Hence in this case, by Lemma 11, with ¢ =F and § =¢,

(9.52) Fo™(z) = paastatt f °°zsr(xu);(u, nydn.
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On the other hand, in general,
¢(u, n) = O(u=t);

so that, if (b) holds, we have on applying Lemma 11 with § =a+1 the result
(9.52) again. Accordingly, in either case the Fourier series of ®(v) at the
origin is . -

D Yanstatt f H(xu);(u, n)du.

n=0 0

The lemma now follows. We have

> (v — n)ﬂj; Hidu = L”Haa.p(u, v)du.

n<v

If (a) holds this is

= o(w j; °°| H(zu) | u“du) = O(¥)
as v— o, and if (b) holds it is

= 0(1}’“ fo w[ H| u““du) = O(s**1).

Accordingly, noting that since 1<a, 1<¥, fas(#, y) is finite, we have, by
Theorem III and Lemma 11,

Fanl®, ) = Bo(y) = pastatiypiats f K(yv){ > 0 — e f H:du}dv

n<lv
=,/,x¢+a+lyb+ﬂ+1f HKO’a,pdT.
T

10.1. Proof of part (b) of Theorem IV. Let us assume first that the se-
ries (2.11) is bounded (C; , 8). Then we have, by Lemma 13,

San(x, ¥) = pastatiybtbil f H(xu)K(yv)0a,5dT
T

= vy [ HGK@oas/3, 3/0aT;
T
and, for all (, v) in T, ’
| H(w)K(2)2%y0a,5(u/%, v/9) | < Mu=| H(u)| #*| K(v) |,

where M is independent of (%, v) as well as (x, ). As the function on the
right here is integrable over T, we conclude that f is bounded (C; a, d) in T.
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Now let us assume in addition that the series is summable (C; «, 8) to
sum s. Then we have

lim { H(u)K(v) 5% 4 5(u/%, v/y)} = ueH(u)1PK (v)
@, $—(+0, +0)

for every (u,v) in T. We conclude from Lebesgue’s theorem that

lim {fan(z, 9)/(x2y?)} = t//8fu“H(u)vﬂK(v)dT.
(z, »)—(+0, +0) T

Applying Lemma 13 to the function f=1, we get

YI'(e + 1T + l)fu“H(u)vﬁK(v)dT =1.

Thus,

im  {fas(s, 9)/(z9")} = s/{T(e + DI + 1)}.
(z, y)—(+0, +0)

This completes the proof.
11.1. Proof of part (a) of Theorem V. We first prove

LEMMA 14. Let ¢(u), py(1), 0 <1, be the functions of Lemma 1. Suppose that
0<a<a and that, for some fixed number K, |¢.(x)| <Kx® for almost all x on

(O) 7l') ’
(11.11) | ()| <K for each positive odd integer m <a.

Then there exists a number N, independent of x, ¢, K, such that
(11.12) | a(®) | < NKxo if ¢u() is finite.

We see that, if ¢ is a positive odd integer, then, by the continuity of ¢
at x=m, ¢, satisfies (11.11) with K replaced by K. We see also that, if
a<a’, then

| ur(®) | < (1/T(@" — a)) f "5 — w1 | g(u) | du

< K#*T(a + 1)/T(a’ + 1)

wherever ¢, is finite. Accordingly, it is enough to prove the lemma with
h<a<a<h+1, where £ is the integral part of a.
We denote by N a number independent of «, y, ¢, K. Then

| $ria(2)| = NK
for x <=, and
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A

| 6re1(3) — dana(®) | < N f | (v = wpe = (x — 2| | 6a| du

+Nf (y — w)=| ¢a| du

Y z v
= NK f dt f (¢t — u—*"'du + NK f (y — u)'—*du
. é NK(y —_ x)h+l—a
forx<y=m.

From these inequalities we conclude that

(11.13) f (x — u)e P pdu | < NKx*! forr < x,
0

(11.14) lim sup f ( — %) gpdu | < NK for0 = x <,
y—2+0 v

(11.15) f’(x + u)et—lgpdu | £ NK(x + m)e L.
0

We have, for <z,

< 221 Gnga(r) |

f (2 — u)**"gpdu
0

+ 8 [T = 02 ) = dr0a() |
0

=< NKzx*!+4 NKf (x — u)e—2(x — u)M*i-ody < NKx*1
[}

as can be seen by considering separately the cases # <x <2, 2w <. This is

(11.13).
Next, for 0 <x <y <, we have

< (r-— x)"""‘l dnr1(m) — dnra(y) |

f (u — x)e"1¢,du
v

+N f T4 = 1) | () — daa(y)| du

< NK + NKf (w — y)e*du = NK.
v

Hence, (11.14) holds.
Finally,
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| [ @+ weau] s G4 o |+ 8 [ @ 0m ol
0 0

IIA

K(x + )t + NKf'(x + u)e—h—2htidy
0
< NK(x + 7))},

as may be seen by considering the cases x <, #<x. This is (11.15).

Consider now (11.12). It is plain that our conclusion holds if we restrict
ourselves to values of x < w. We show now that it holds for 7 <x < 2. If ¢.(x)
is finite then the integral

¥(x) = f' [ — @2r — x)]*'¢pdu

—z

exists, and
T(a)pa(x) = f (% — w)igdu + ¥().
0

If 2=0 our conclusion then follows from (11.13) and (11.14). If 1<% we in-
tegrate by parts 4 times. We get

$a(2) = 20 M(x — ) pppi(r) + N | (3 — w)**'gndu
0

p<h/2

+ Nf' [ — 27 — x)]**¢pdu.
2

-2

Applying (11.11), (11.13) and (11.14) we get the desired conclusion.
Suppose now that 27 <x. We write x=2nw+£, where # is a positive in-
teger and 0 < £ < 2. Then, if ¢.(x) is finite, so also is ¢.(£), and

T(@)ge(x) = 3 0'{(x — 2gr — W) 4 [ — 2(g + D + 1]} ddu

+ T(a)¢a(f).
If =0, we have, by (11.13) and (11.15),

n—1

Z lf'{(x —2qr —u)et + [x — 2(¢g + D + u]“—1}¢du

n—1
< NKY [» — (2¢ + 1)7]=! < NKaxe,
g=0

so that the lemma follows in this case. If 1 <% we integrate by parts. We get,
for 27 <=,
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f7{(x —u)et+ (x — 27 + u)e !} pdu

SN Y (5= m) 27 goppa() |

P<h/2

+ N + N

f (x — )" 1pdu
0

f (x — 27 4+ u)* " 1¢psdu
0

=< NKx~ !,
Hence,
n—1
| $a(%)| < NK D (x — 2gm)*! + NK < NKx=,
q=0
and this proves the lemma. .
11.2. Turning now to the proof of (a), we select ao, Bo so that e <ao<e,
b<Bo<B, and note that, as a consequence of Theorem III, f is almost con-
tinuous (C; e, Bo) with limit s. Hence, by Theorem IV, it is enough to prove
that f is almost bounded (C; e, Bo) on (0, 0; «, §) and (0, 0; 5, «).
Let D denote the rectangle (0, 0; «, §). We shall show that f is almost

bounded (C; v, 80) on D. We can assume that f is almost bounded (C;a,B0)
on (0, 0; m, §), and, since

[T = [ "= =] 1] au m=1,2,-)
0 0

is finite for almost all y on d: (y <4), that y—fef, s,(m, v) is almost bounded
on d for each positive odd integer m <a.

Now there is a number M, and a set e, of measure §, of values y on d,
such that fo 5,(%, ) is integrable over (0, 7), and

| fao(®, 9)| S Moxeyho, | fmpo(m, 9)| S MoyPe,

the first for almost all x on (0, 7), the second for each positive odd integer
m<a. Let E denote the set of points (x, y) such that y belongs to ¢ and
Saoe(%, ¥) is finite. Then the complement of E relative to D is of measure 0.
To prove the theorem we show that f is bounded (C; e, 80) on E.

Consider any fixed y on d. The function

¢(u) = fop(| %], 9)

is integrable over (0, 7), even, and periodic with period 2. In addition ¢
fulfils the remaining conditions of the lemma with K =M. In fact, for
almost all z on (0, =), fas,(%, ¥) is finite. At these points f. s, is equal to the
fractional integral of order (a, 0) of fo 4,. Thus,

| $a(%) | = | faso(%, ¥) | = Moxeyse
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for almost all x on (0, ). Moreover, fn s,(7, ) being finite,
| ém(T) I = Ifm»ﬂo("r’ y)l = Moybo

for each positive odd integer m <a. The lemma can then be applied. We get,
if ¢o,(x) is finite,

| ¢¢0(x) I = NMox"oyﬂo’

where N is independent of x and y. In particular then, if (x, y) is a point of E,
we have

]fao’ﬂo(x) :V)l = I ¢'ao(x)l = NMx2oybo,

This completes the proof.
12.1. Proof of part (b) of Theorem V. This proof depends on

LEMMA 15. Let ¢(u), ¢,(4), 0=, be the functions of Lemma 7. Suppose that
1<a, and that, for a fixed K,

| $a(x) | < K2
for x <2m. Then, for each positive odd integer m <a,
| ém(m) | = NK
where N is independent of K and ¢.

We can suppose that ¢ =2k41, where % is a positive integer. Then, for
7 <x<2w, we have

h—1
¢a(x) =2 Z azp—l-l(x - 77)2(h_p)¢2p+1(7r) + 2aa¢a(7r) - aa¢a(27r - x)’
=0

where
azpr1 = (2B)!/[2(k — p)]!.
Taking x=m+x"2, w4212 - - -, 1r+x;'_21 successively, where w?<x,<;
< -+ - <xp1<47? we arrive at the set of equations in the ¢’s
h—1 h—p
Za2p+lxﬂ ¢2p+1(7r) = Ta (n =0,1,---, h — l)y
=0
where

I 'r,,l =< 2a,K(27)e.

As the o’s are independent of ¢ and K, and as the determinant of the ¢’s is
anon-zero multiple of the Vandermonde formed with the numbers xo, 21, - - -,
%x—1, we see that our conclusion holds.
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12.2. Consider now the proof of (b). As a consequence of Theorem IV
there is an M, such that, for x <27 and all y,

| far(®, 9)| S Moxyb.
For a fixed y, let
o) = fou(| ], 3).
Then ¢ satisfies the conditions of the lemma with K = My*. Hence,

| fms(m, )| = | om(®) | < My?

for each positive odd integer m <a. As the situation is symmetrical in ¢ and b,
the theorem follows.

13.1. Proof of Theorem VI. It is enough to prove the theorem when s=0.
In fact, f—s and its Fourier series satisfy the conditions of the theorem for
s=0. Thus, the truth of the theorem in this case implies that f—s is continu-
ous (C; a, b) with limit 0. But this implies that f is continuous (C; g, b) with
limit s.

We shall consider the case of Cesiro summability. The proof for Riesz
summability follows the same lines but requires one less step. We shall as-
sume that 0 <a, 0<B. The other cases can be treated in a similar fashion.
The proof in all cases rests on the formula

©.5)  fuslz, 3) = petertys+t [ H(a)K(ye)oslu, 94T
T

We reduce this formula in the case at hand to one involving Cesaro means
by an application of (3.33). We have

da,g(x, 3’) = Z B(x - m) E C(y - ”)Sa.ﬂ(m’ n))
m<z n<y

where

IBx—m)| <L, X|Cly—m]|=L,

m< T n<y
L being a suitably chosen constant independent of «x, y.
Let 0 <e be given. We select a positive integer m, so that
| S, .s(m, n)| < emonp

for mo<m, mo<n. We denote by M a number independent of %, v, m, n, for
x=06,y= 08, me=m, mo=n.
We now write
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s ={-Z T+T T+ET T+ T}

m<mgn<mg m<mg nlv m<u n<mg meSmuy ngSnlY
«B(u — m)C(v — n)Sqa,s(m, n)
=01+ Q2+ Qs + O,

say, and

fT H (o) K (y0) 0w pdT = { f e s+ (“M)Ql}HKd(u, ?)

. (0,0) (mg,mg)

(mg,%) (%0,%0)
+ { f Gap + Q,} HKd(u, v)
(

0,mg) (mg,mg)

(0, mg) (00,%0)
+ {f oap + Qs} HKd(u, v)
(

mg,0) (mg,mg)
(0,0)
+ HKQid(u,v) = Vi+ Va4 Vs + Vs,
(mo,mo)

say. Then

| V.| §M+Mf IH(xu)Iduf | K(y)| dv < M2y,
mg mo

| Vel éMf |K|vﬂ+1dv+Mf IHlduf | K| v5+1do < Ma—ty—s-2,
mo mg mgy
| V| < Moy,

|V4|§eLf |H|u«duf | K| vdv
mo mo

S eLaoly=F-1 f | H(w) | uedu f | K(o) | v#dv.
0 0
In addition,

Ve = E fmoH(xu)(u — m)edu- fa K(yv)z (v — n)fam,adv

m<mg ¥V m nlv

+ > f ”HB(u — m)du- f “K > C(v — #)Sa(m, n)dy

mmo my mo nv

= 2 &(*G:(3),

p<2mo
say, where, for p=0,1, - - -, 2mo—1,
| go(2) | < Ma1.
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Consider V,. We have

| wet1yp 1V, | < Ma—oy=| fau| + xt1y8t (| Vi) + | Vs + | Vi)
< M(1+ x2y8 + 57198 + 1) < F(a),

where F depends upon x but not upon y. Hence, since
xotigy(x) = O(x%) = o(1)

as x—+0, for p=0,1, - - - , 2mo—2, we see, on replacing ¥ by 1/x and y by
1/y in Lemma 4, that

(13.11) Ve = o(x—"ly=-1) as (x,y)— (4 0, + 0).

In the same way we see that V; satisfies (13.11). On the other hand so
also does V. Hence,

limsup | &y o,5(%, )| = limsup [a=+iys+iV,|
(x, y)—(+0, +0) (x, »)—(+0, +0)

= eLf | H(u)lu“duf | K(v) | #dv.
0 0

Since e was arbitrary the theorem follows.
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